WEAK INTERPOLATION PROPERTY over
THE MINIMAL LOGIC

Larisa Maksimova

Sobolev Institute of Mathematics
Siberian Branch of Russian Academy of Sciences
630090, Novosibirsk, Russia
Imaksi@math.nsc.ru

August 2010

L. Maksimova Weak interpolation over minimal logic



Abstract

Weak interpolation property WIP in extensions of Johansson’s
minimal logic J is investigated. A weak version of the joint
consistency property equivalent to WIP is found. It is proved
that the weak interpolation property is decidable over J.
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Interpolation theorem proved by W.Craig in 1957 for the
classical first order logic was a source of a lot of research
results devoted to interpolation problem in classical and
non-classical logical theories. Now interpolation is considered
as a standard property of logics and calculi like consistency,
completeness and so on. For the intuitionistic predicate logic
and for the predicate version of Johansson’s minimal logic the
interpolation theorem was proved by K.Schitte (1962).
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In this paper we consider a variant of the interpolation property
in the minimal logic and its extension. The minimal logic
introduced by I.Johansson (1937) has the same positive
fragment as the intuitionistic logic but has no special axioms for
negation. In contrast to the classical and intuitionistic logics, the
minimal logic admits non-trivial theories containing some
proposition together with its negation.
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The original definition of interpolation admits different analogs
which are equivalent in the classical logic but are not equivalent
in other logics. It is known that in classical theories the
interpolation property is equivalent to the joint consistency
RCP, which arises from the joint consistency theorem proved by
A.Robinson (1956) for the classical predicate logic. It was
proved by D. Gabbay (1981) that in the intuitionistic predicate
logic the full version of RCP does not hold. But some weaker
version of RCP is valid, and this weaker version is equivalent to
CIP in all superintuitionistic predicate logics.
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The original definition of interpolation admits different analogs
which are equivalent in the classical logic but are not equivalent
in other logics. It is known that in classical theories the
interpolation property is equivalent to the joint consistency
RCP, which arises from the joint consistency theorem proved by
A.Robinson (1956) for the classical predicate logic. It was
proved by D. Gabbay (1981) that in the intuitionistic predicate
logic the full version of RCP does not hold. But some weaker
version of RCP is valid, and this weaker version is equivalent to
CIP in all superintuitionistic predicate logics.

In this paper we concentrate on the weak interpolation property
WIP introduced in M2005. We prove that WIP is equivalent to a
version JCP of Robinson consistency property in all extensions
of the minimal logic.
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In M2005 we noted that all propositional superintuitionistic
logics have WIP, although it does not hold for superintuitionistic
predicate logics. Since only finitely many propositional
superintuitionistic logics possess CIP (M77) , WIP and JCP are
not equivalent to CIP and RCP over the intuitionistic logic. Also
WIP is non-trivial in propositional extensions of the minimal
logic.
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In M2005 we noted that all propositional superintuitionistic
logics have WIP, although it does not hold for superintuitionistic
predicate logics. Since only finitely many propositional
superintuitionistic logics possess CIP (M77) , WIP and JCP are
not equivalent to CIP and RCP over the intuitionistic logic. Also
WIP is non-trivial in propositional extensions of the minimal
logic.

We define a J-logic Gl and state that the problem of weak
interpolation in J-logics is reducible to the same problem over
Gl. Algebraic criteria for WIP in J-logics are given.
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Weak interpolation and joint consistency

Interpolation and joint consistency

If p is a list of non-logical symbols, let A(p) denote a formula
whose all non-logical symbols are in p, and F(p) the set of all
such formulas.

Let L be a logic, +; deducibility relation in L. Suppose that p, q,
r are disjoint lists of non-logical symbols, and A(p, q, x), B(p, )
are formulas. The Craig interpolation property CIP and the
deductive interpolation property IPD are defined as follows:

CIP. If -, A(p,q) — B(p, ), then there exists a formula C(p)
such that -, A(p,q) — C(p) and -, C(p) — B(p,r).
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Weak interpolation and joint consistency

IPD. If A(p,q) . B(p,r), then there exists a formula C(p) such

that A(p,q) -, C(p) and C(p) . B(p, ).
In M2005 the weak interpolation property was introduced:

WIP. If A(p.q), B(p.r) . L, then there exists a formula A'(p)
such that A(p,q) . A'(p) and A (p), B(p,r) k. L.
In all extensions of the minimal logic we have

CIP < IPD = WIP.
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Weak interpolation and joint consistency

In the classical predicate logic CIP is equivalent to the
Robinson consistency property

RCP. Let Ty, T, be two consistent L-theories in the languages
L1, Lo respectively. If Ty N T, is a complete L-theory in the
common language £1 N Ly, then Ty U T5 is L-consistent.

The same equivalence holds in all classical modal logics.
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Weak interpolation and joint consistency

Let L be any axiomatic extension of the minimal logic. An open
L-theory of a language L is aset T C L closed with respect to
.. An open L-theory T is L-consistent if it does not contain L.
An L-theory T of the language L is completeif Ac Tor-Aec T
for any sentence A € L.

We define the joint consistency property

JCP. Let Ty, T, be two L-consistent open L-theories in the
languages L1, Lo respectively, and T1 N T> be complete in the
common language Lo = £1 N L». Then T; U Ty is L-consistent.
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Weak interpolation and joint consistency

For any (predicate or propositional) extension L of the minimal
logic, WIP is equivalent to JCP
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Propositional J-logics

Propositional J-logics

In this section we study propositional J-logics.

In M77 a description of all propositional superintuitionistic logics
with interpolation property was obtained. There are only finitely
many superintuitionistic logics with this property. All positive
logics with the interpolation property were described in M2003,
where a study of this property was initiated for extensions of
Johansson’s minimal logic too. The minimal logic and the
intuitionistic logic have the Craig interpolation property (Schitte
1962).
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Propositional J-logics

The language of the logic J contains &, V,—, L, T as primitive;
negation is defined by ~A=A — 1;

(A< B)=(A— B)&(B — A). Aformula is said to be positive
if contains no occurrences of L. The logic J can be axiomatized
by the calculus, which has the same axiom schemes as the
positive intuitionistic calculus Int™, and the only rule of
inference is modus ponens [6]. By a J-logic we mean an
arbitrary set of formulas containing all the axioms of J and
closed under modus ponens and substitution rules. We denote

Int=J+(L—p), Cl=Int+ (pV-p), Neg=7J+ L.
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Propositional J-logics

A logic is non-trivial if it differs from the set of all formulas. A
J-logic is superintuitionistic if it contains the intuitionistic logic
Int, and negative if contains the logic Neg; L is paraconsistent if
contains neither Int nor Neg. One can prove that a logic is
negative if and only if it is not contained in Cl. For any J-logic L
we denote by E(L) the family of all J-logics containing L.
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Propositional J-logics

It was proved in [7] that all propositional superintuitionistic
logics possess the weak interpolation property WIP. Evidently,
all negative logics also have this property. We prove

Any propositional J-logic containingJ + (L V (L — p))
possesses WIP
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Reduction of WIP

Reduction of WIP
Theorem 2 can not be extended to all J-logics. The picture
changes when we turn to extensions of the logic

Gl=J+(pV(p—1))=T+(pV-p)

It was proved in [10] that this logic has CIP. There are
extensions of Gl without WIP. Here we prove that the problem of
weak interpolation is reducible to the same problem in
extensions of Gl.
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Reduction of WIP

Consider extensions of Gl in more detail. We note that for any
extension of Gl the following analog of Glivenko’s theorem
holds.

For any J-logic L and any formula A:

L+(pV-pF-A<—= LF-A
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Reduction of WIP

Consider extensions of Gl in more detail. We note that for any
extension of Gl the following analog of Glivenko’s theorem
holds.

For any J-logic L and any formula A:

L+(pV-pF-A<—= LF-A

We prove that the problem of weak interpolation in J-logics can
be reduced to the same problem over Gl.

Theorem

For any J-logic L, the logic L has WIP if and only if L+ (p vV —p)
has WipP

L. Maksimova Weak interpolation over minimal logic



Weak interpolation and weak amalgamation

Weak interpolation and weak amalgamation

For extensions of the minimal logic the algebraic semantics is
built with using so-called J-algebras, i.e. algebras

A=< A&,V,—, | T > satisfying the conditions:

<A &,V,—, L, T >is a lattice with respect to &, vV having a
greatest element T, where

Z<Xx -y <= z&x <Yy,

1 is an arbitrary element of A.
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Weak interpolation and weak amalgamation

Weak interpolation and weak amalgamation

For extensions of the minimal logic the algebraic semantics is
built with using so-called J-algebras, i.e. algebras

A=< A&,V,—, | T > satisfying the conditions:

<A &,V,—, L, T >is a lattice with respect to &, vV having a
greatest element T, where

Z<X—y < z&x <Yy,

1 is an arbitrary element of A.

A formula A is said to be validin a J-algebra A if the identity
A =T is satisfied in A.

L. Maksimova Weak interpolation over minimal logic



Weak interpolation and weak amalgamation

A J-algebra is called a Heyting algebra if 1 is the least element
of A, and a negative algebraif | is the greatest element of A.

A one-element J-algebra is said to be degenerate; it is the only
J-algebra, which is both a negative algebra and a Heyting
algebra. A J-algebra A is non-degenerate if it contains at least
two elements; A is said to be well connected (or strongly
compact) if for all x, y € A the condition

xXVy=T<« (x=Tory=T)is satisfied. An element a of A is
called an opremum of A if it is the greatest among the elements
of A different from T. By By we denote the two-element
Boolean algebra { L, T}.
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Weak interpolation and weak amalgamation

In this section we find an algebraic equivalent of the weak
interpolation property.

It is well known that the family of all J-algebras forms a variety,
i.e. can be determined by identities. There exists a one-to-one
correspondence between logics extending the logic J and
varieties of J-algebras. If Ais a formula and A is an algebra, we
say that Ais valid in A and write A = A if the identity A= T is
satisfied in A. We write A |= L instead of (VA € L)(A = A).
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Weak interpolation and weak amalgamation

To any logic L € E(J) there corresponds a variety
V(L) = {A|A = L}.

Every logic L is characterized by the variety V(L).

If L € E(Int), then V(L) is a variety of Heyting algebras, and if
L € E(Neg), then a variety of negative algebras.

Recall [9] that a J-logic has the Craig interpolation property if
and only if V(L) has the amalgamation property AP.
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Weak interpolation and weak amalgamation

We recall necessary definitions.

Let V be a class of algebras invariant under isomorphisms. The
class V has the amalgamation property if it satisfies the
following condition AP for any algebras A,B,C in V:

(AP) if A is a common subalgebra of B and C, then there exist
D in V and monomorphisms ¢ : B — D, € : C — D such that
d(x) = e(x) for all x € A.
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Weak interpolation and weak amalgamation

A variety V of J-algebras is weakly amalgamable if it satisfies
WAPJ: For all B, C € V with a common subalgebra A, there are
D € V and homomorphisms 6 : B — D and ¢ : C — D such that
d(x) = e(x) for all x € A, where L. # T in D whenever L # T in
A.

A J-logic has WIP iff V(L) has WAPJ.
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Weak interpolation and weak amalgamation

IfA=<A&,Vv,—, L, T >is anegative algebra, we define a
new J-algebra C = A which arises from A by adding a new
greatest element T so that L ¢ = La. Denote

A(L) = {AN AN € V(L)}.
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Weak interpolation and weak amalgamation

In the following theorem we formulate an algebraic criterion for
WIP in J-logics.

AJ-logic L has WIP iff N(L) has the amalgamation property.
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Logics with WIP over GI

Logics with WIP over Gl

For any negative logic L we define two logics (L 1 Cl) and

(L 4 C1) [10]. The former is characterized by all J-algebras of
the form A?, where A € V(L4), and the latter by J-algebras A",
where A is a finitely indecomposable algebra in V(L). In [10]
the following axiomatization was found:

L1Cl=Gl+{L—AAcL}

LyCl=(LTC)+((L—=AVB)—(L—A)V(L— B)).

We have Gl = Neg 1 Cl. Every logic L’ of the form L T Cl or
L 4 Clis generated by A(L').
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Logics with WIP over GI

In [M2003] all extensions of the logic Neg with CIP were found:

Neg, NC=Neg+(p— q) VvV (q — p),

NE = Neg + pV (p — q), For = Neg + p.

The logics Cl1, (NE T C1), (NC 1 Cl), (Neg T Cl), (NE 1} C1),
(NC 1y C1), (Neg 1} Cl) have the finite model property and so are
decidable. For each of these logics the variety V(L) is
generated by \(L).
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Logics with WIP over GI

Let L be one of the following Gl-logics: Cl, (NE 1 Cl), (NC 1 Cl),
(Neg 1 Cl), (NE 4 Cl), (NC 1} Cl), (Neg 1 Cl). Then L has CIP,
and the classes V(L) and \(L) have the amalgamation

property.
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Logics with WIP over GI

Theorem
If L is a negative logic without CIP, then the logics L T Cl and
L 1 Cl do not possess WIP

Corollary
There is a continuum of J-logics with WIP and a continuum of
J-logics without WIP,

| \

A\
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Description of logics with WIP over Gl and J

Description of logics with WIP over Gl and J
First we describe all logics with WIP over Gl. Denote

SL = {For,C1} U {(L; T Cl), (L {} C)| L; € {Neg,NC,NE}}.

A logic L over Gl has WIP iff Negn Ly C L C Ly for some Ly in
the list SL.

So the logics with WIP over Gl are divided into eight disjoint
intervals.
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Description of logics with WIP over Gl and J

WIP is decidable over], i.e. there is an algorithm which, given a
finite set Ax of axiom schemes, decides if the logic J + Ax has

WIP,
The following problems are still open:

1. Is CIP decidable over J?
2. How many J-logics possess CIP?

L. Maksimova Weak interpolation over minimal logic



Description of logics with WIP over Gl and J

J.Barwise, S.Feferman, eds. Model-Theoretic Logics. New
York: Springer-Verlag, 1985.

W.Craig. Three uses of Herbrand-Gentzen theorem in
relating model theory. J. Symbolic Logic, 22 (1957),
269-285.

D.M.Gabbay. Semantical Investigations in Heyting’s
Intuitionistic Logic, D.Reidel Publ. Co., Dordrecht, 1981.

D.M.Gabbay, L.Maksimova. Interpolation and Definability:
Modal and Intuitionistic Logics. Clarendon Press, Oxford,
2005.

L. Maksimova Weak interpolation over minimal logic



Description of logics with WIP over Gl and J

V.I.Glivenko. Sur quelques points de la logique de M.
Brouwer. Acad. Roy. Belgique. Bull. cl. sci., Ser. 5, 15
(1929), 183—188.

l.Johansson. Der Minimalkalkl, ein reduzierter intuitionistic
Formalismus. Compositio Mathematica 4 (1937), 119-136.

L.Maksimova. Interpolation and joint consistency. In: We
Will Show Them! Essays in Honour of Dov Gabbay. Volume
2, S. Artemov, H. Barringer, A. d’Avila Garcez, L. Lamb and
J. Woods, eds. King’s College Publications, London, 2005,
pp. 293-305.

L. Maksimova Weak interpolation over minimal logic



Description of logics with WIP over Gl and J

L.L.Maksimova. Craig’s theorem in superintuitionistic logics
and amalgamable varieties of pseudoboolean algebras.
Algebra and Logic, 16, 0 6 (1977), 643—681.

L.L.Maksimova. Implicit definability in positive logics.
Algebra and Logic, 42, (0 1 (2003), 65-93.

L.L.Maksimova. Interpolation and definability in extensions
of the minimal logic. Algebra and Logic, 44, no. 6 (2005),
726-750.

L.L.Maksimova. A method of proving interpolation in
paraconsistent extensions of the minimal logic. Algebra and
Logic, 46, no. 5 (2007), 627—648.

L. Maksimova Weak interpolation over minimal logic



Description of logics with WIP over Gl and J

L.L.Maksimova. Weak form of interpolation in equational
logic. Algebra and Logic, 47, no. 8 (2008), 94—107.

L.L.Maksimova. Joint consistency in extensions of the
minimal logic. Siberian Math. Journal, 51, no. 3 (2010),
481-492.

G.Mints. Modularisation and interpolation. Technical Report
KES.U.98.4, Kestrel Institute, 1998.

G.Mints. Interpolation theorems for intuitionistic predicate
logic. Annals of Pure and Applied Logic, 113: 225-242,
2002.

L. Maksimova Weak interpolation over minimal logic



Description of logics with WIP over Gl and J

S.POdintsov. Logic of classical refutability and class of
extensions of minimal logic. Logic and Logical Philosophy,
9 (2001), 91-107.

A. Robinson. A result on consistency and its application to
the theory of definition. Indagationes Mathematicae, 18
(1956), 47-58.

K.Schiitte. Der Interpolationsatz der intuitionistischen
Pradikatenlogik. Mathematische Annalen, 148:192—-200,
1962.

K.Segerberg. Propositional logics related to Heyting’s and
Johansson’s. Theoria, 34 (1968), 26—61.

L. Maksimova Weak interpolation over minimal logic



Description of logics with WIP over Gl and J

[§ N.-Y.Suzuki. Hallden-completeness in super-intuitionistic
predicate logics. Studia Logica 73 (2003), 113—130.

L. Maksimova Weak interpolation over minimal logic



	Abstract
	Weak interpolation and joint consistency
	Propositional J-logics
	Reduction of WIP
	Weak interpolation and weak amalgamation
	Weak interpolation and weak amalgamation
	Logics with WIP over Gl
	Description of logics with WIP over Gl and J

